The crude asymptotics of the large delay probability in a tandem queueing system is considered. The main result states that one of the two channels in the tandem system defines the crude asymptotics. The constant that determines the crude asymptotics is given. The results obtained are based on the large deviation principle for random processes with independent increments on an infinite interval recently established by the authors.
Introduction
Within the framework of the queueing theory, deep analytical methods have been developed for investigating statistical characteristics of waiting times for messages under several disciplines.
However, these methods turned out to be of little use in the area of communication networks, where a message is served in a consecutive order by several devices. The simplest example of this situation is a tandem consisting of two consecutive channels (or devices) with the simplest service discipline FIFO (first in first out). Here very cumbersome explicit solutions were found for some special cases only. In [4] , an explicit solution was found for the case of a Poisson input flow with service time exponentially distributed. In this case, the output flow from the first device appears to bc again Poisson. Explicit solutions were also found for the cases when service times are deterministic (see [10, 12] ) and when the service times for both servers are identical ([2, 3] ).
There arc no analytical results for the general situation.
More restricted formulations of the problem can be of practical interest. For example, in nany real situations, the designer of the system sets a significance level, i.e., a small number p, and wants to make sure that the waiting time co of a message in the system exceeds a given bound with probability smaller than this significance level p. It neans that it is of interest to study the function T(p) defined by the relation l'Fhe work is partly supported by the Russian Foundation of Fundamental Researchers, Grant 93-011-1470. 2The work of the second author is supported in part by a grant of AMS-FSU Aid Fund. [7] and [8] ). In the framework of the theory of large deviations, a -1 is the minimal value of the rate function in the corresponding domain.
Pr( > T(;)
In the following, we shall assume that both the devices of the tandem obey the FIFO discipline. It means that each device begins processing a message either at the moment when the message arrives at the device, if it was idle or at the moment when the service of the previous message is complete. In the monograph [1] , such service disciplines were called disciplines of type I.
It was assumed that the moment of an arriving message at the second device coincides with the moment of completion of its service by the first device. Consider the random variable w that describes the waiting time of a message, which we interpret as the virtual waiting time of a virtual message. (See, for example, [1] .) This means that a virtual message requests the service times on both of the devices to be equal to zero and it is processed after all "real" messages entered the system earlier or the same time. We shall return to this notion in 3. The complete time that a real message spends in the system is a sum of the virtual time and the times that are necessary to process this message by both channels. A study of this complete time can be reduced to a study of the virtual time in an evident way and we restrict ourselves to a study of the virtual waiting time.
The main result of the paper states that if w is the virtual delay of the message and the constant a is defined by relation (1.3) then o rnax{cl, C2} (1.4) where a I and a 2 give the solutions of the similar problems in which each device serves separately the original Poisson flow of the messages. A way of determining the constants a goes back to the Cramr papers [5, 6] and it can be found in Borovkov [1] . In this monograph, explicit formulas for the characteristic function of the virtual waiting time, known for tile case of a single device, are used for this aim. An alternative derivation of this result is explained in [9] . This alternative derivation is based on the general theory of large deviations.
Because w-w 1 + w2, where Wl, w 2 are the waiting times for the first and the second device, respectively, the result (1.4) may appear almost evident from a first glance. But it turns more surprising if we recollect that a 2 was calculated under the hypothesis that the input flow to the second device is Poisson; this hypothesis is not valid for the intermediate flow in the tandem. In general, the constants a depend essentially on the statistics of the input flow. It is possible to oppose these arguments with an intuitive explanation. If the second device is "worse" than the first one, the fluctuations of the input process, critical for the second device, go without essential disturbances through the first device.
The derivation of the formulated result is based on the use of a quickly developing branch of the modern probability theory: the theory of large deviations. The main theorems of this theory state that, for wide classes of random processes and sets of their realizations, the logarithms of the probabilities of these sets are asymptotically defined by minima of a special function, which is called the rate function, over these sets. However, a direct application of such results to the processes arising in queueing theory seems to be difficult. These processes are complex, so it is hard to find explicit formulas for the corresponding rate functions, and it is even more difficult to find them for minima of the rate functions. Here we develop a roundabout approach. We explain it in the context of our tandem problem; it can also be applied to other problems in queueing theory.
Without loss of generality, we assume that the service times of messages for both devices are defined at the moments of their arrival to the system. So, if the input flow is Poisson, a twodimensional generalized Poisson process, with independent increments, arises as a description of the input to the system. In such an approach, the random variable w turns out to be a functional of this input process. But simple explicit formulas for the rate functions of processes with independent increments are well-known. The domain in which we have to minimize the rate function becomes more complex. But it turns out that it is easier to minimize a simpler function over a more complex domain than to minimize a more complex function over a simpler domain.
Though the large deviations for processes with independent increments have been studied intensively enough, it turns out to be impossible to apply the known results to the considered case. This is why in [9] we propose a new version of the theorem on large deviations suitable for the considered case. Here we only formulate and apply this theorem. We cannot use the known theorems for several reasons. Most pertinent papers (see [15, 16] ) are devoted to the study of large deviations for processes with independent increments defined on a finite time interval but in the typical problems arising in our approach, it is necessary to study the functionals depending on the behavior of the process on an infinite interval. There are some papers [13, 17] in which theorems on large deviations on the infinite intervals are formulated with the use of some topologies defined by projective limit constructions, but such topologies are too weak for our goals (see the discussion in 7 of [9] ). Another difficulty is due to the assumption used by many authors that the moment generating function of the increments of the process exists for all values of the argument of the function. It excludes the most popular case of an exponential distribution for service time from consideration. And finally, we need a theorem on large deviations for the vector-valued processes.
We shall not be concerned here with the problem of studying queueing length in a tandem. A result for the large deviations of the queueing length is formulated in Walrand's monograph [20] without a rigorous proof (more precisely, Walrand considered values of a total population in the tandem system). The large deviations principle proved in [9] seems to be applicable also for such functionals. The paper of Tsoucas [19] (2.15) if the inequalities $ < 7j, J 1,2 hold true.
The construction developed below (see Note 5.5 for a precise formulation) permits us to describe the structure of most harmful fluctuations of the input flow and the service times of messages which produce the large values of the virtual service time at the moment 0 considered in the main Theorem 2.1. In the case 1 < 2, they are fluctuations of density of the input flow and service times at the first device. In the case 1 > 2, they are fluctuations of the density of the input flow and service times at the second device. There is an essential difference between the cases when condition (2.7) is satisfied and when it is not satisfied (for j 1, if 1 </2 and for j 2, if /71 >/2)" In the first case, the delay is mainly defined by the cumulative effect of fluctuations in a time interval of a length proportional to the delay and preceding the moment 0. In the second case, the delay is defined by one message with the service time approximately equal to the delay of a message which arrives just before the moment 0.
The virtual waiting time
We mentioned already in 1 that the virtual waiting time w is the pure waiting time of a message excluding service, and it is served after all messages which entered the system earlier or the same moment. We define now the virtual waiting time of a message which enters the system at a moment t as a value of the random process w(t) which is a functional of a realization of the input flow of messages.
In queueing theory, an expression for the virtual waiting time in the system with a single device and FIFO discipline is well-known [1] . Consider a server with FIFO servicing discipline and assume that u is the ith moment of arrivaling messages, which requires time r/i for service. Returning to the tandem system we recall that, in the equilibrium, the probability distribution of the virtual delay at does not depend on t and so we can assume that t-0.
Using the random variables introduced in 2 we define the sequence of moments
as the sequence of the moments of arriving messages. (3.7)
Using relation (3.2) we can find the virtual waiting time at the second server for a virtual message arriving to the second server at rnoment u as
If a virtual message enters the system at moment then it would arrive at the second server at moment u(t) + wl(t).
(3.9)
So its virtual waiting time at the,second server is co2(t) ((t -4- 
_< +() Comparing definitions (3.4) and (3.7) we see that for any two moments v < t,
The set of all moments s v + wl(v that for some v coincides with the set of moments (r i, at which the message enters the second device, is a discrete set only. But the maximized function in (3.10) is linear between these moments and so the upper bound in (3.10) is attained if we restrict it by these moments only. So using the change of variables vs v + COl(V) we can rewrite (3.10) as
Now using (3.5), we can evaluate the total virtual waiting time at both servers (t) of a virtual message arrived in the tandem at moment t as
Letting t-0 and observing that ((0 / 0)-0 we find that
(3.14)
s<v<O It is more customary to consider random processes defined on the positive half-line, so it is convenient to make the transformation changing the sign of the time (t, ((i(t) 
, (t)))(-t, (-(i(-t), ((-t))). (3.15)
This transformation transforms left-continuous functions to right-continuous functions. Applying this transformation to (3.14) we obtain that the random variables and CO (see (2.10)) have the same distribution.
Large deviations for processes with independent increments
As was mentioned in 1, the proof of the main result of this paper is based on an application of a general theorem on large deviations for the processes with independent increments proved in [9] . In this section, we formulate only this theorem and prove some additional facts (Lemmas 4.1 and 4.2) which will be used together with the theorem in 5. First we recall, the large deviations principle in its general formulation (see for example [7, 8] Since the functions !R G it; have a locally bounded variation (see (4.11)), the left-sided limits !R(v-0) exist and this functional is well defined. In terms of the normalized process with the distribution P,, for any integer n, the probability studied for We can use estimate (5.14) again, and together with (5.17) it will also imply the inequality (5.15) for this last case. It follows from inequality (5.15) that R is an interior point of the set at Note 5.1: One can verify that (t fl ) {!R: w(!R) > 1 }, (5.18) although unnecessary for our objectives. That some points of the set of the trajectories t N O need not be its interior points can be explained in terms of our queueing problem. Assume that at time t, when the lines to each server are short, a message enters the system requesting service times (1 and 2 to the respective channels, and that 1 and 2 are large. Then, the service delay is close to 2 + 2" Alternatively, suppose at time t-A (with small A > 0), a message enters the system and requires only service time 2 at the second channel, whereas another message entering the system at time requires service time 1 only at the first channel. Then both messages can bc served in parallel, and consequently, the service delay is close to max{(l,2}. But the corresponding trajectories of the input flow are close in the weak topologies. (5.23)
There are three possibilities for the sequence of the pairs (v n <_ sn).
In the first case, the sequence {sn} is bounded. Then, using compactness arguments, we suppose without loss of generality that the sequence {tln} is such that v,--+v and sn---s for some v _< s < oo. Assume that points s + r, v + r and v-v are continuity points of tile functions 1
and R 2 where r,r and u are positive. Then s n<s+v and v-u<v n<v+cr for large n and so the inequalities
hold true. On the other hand,
as n-+oo. Therefore, Now we assume that the sequence {Vn} is bounded but the sequence {Sn} is unbounded and so we can suppose without loss of generality that Sn-+Oo and Vn--v < oo as n---,cx Let > 0 and u > 0 be chosen in such a way that v + cr is a continuity point of the flnction R 2 and v-u is a continuity point of the finction tt. Then, as above we verify that (5.38) We have arrived at the desired condition (5.21). We find that the derivative is 0__w( 
